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Anisotropy-driven dynamics of cellular fronts in directional solidification in thin samples

Silvère Akamatsu and Gabriel Faivre
Groupe de Physique des Solides, CNRS UMR 75-88, Universite´s Denis Diderot (Paris VII) et Pierre et Marie Curie (Paris VI),

Tour 23, 2 place Jussieu, 75251 Paris Cedex 05, France
~Received 24 March 1998!

We present an experimental investigation of the influence of interfacial anisotropy on the cellular growth
patterns observed in directional solidification of the CBr4-8 mol % C2Cl6 alloy at pulling velocities less than
twice the cellular-threshold velocity. The experiments are performed with single-crystal samples about 8 mm
wide and 12mm thick. In such samples, the solidification dynamics is essentially two dimensional, and the
effective anisotropy of the system can be varied by changing the orientation of the~face centered cubic! crystal
with respect to the solidification setup, as was previously established by S. Akamatsu, G. Faivre, and T. Ihle
@Phys. Rev. E,51, 4751~1995!#. We find that the cellular pattern is unstable at all values of the spacingl for
crystal orientations corresponding to a vanishing effective interfacial anisotropy. For the other crystal orienta-
tions, i.e., for a nonvanishing effective interfacial anisotropy, stable cellular patterns are found over a finite-
width l range. The various modes of instability limiting this range are described. In particular, we show that
a homogeneous tilt bifurcation exists for some orientations of the ‘‘degenerate’’ type~i.e., such that a$110%
plane of the crystal is parallel to the growth direction and perpendicular to the sample plane!. This bifurcation
is not spontaneous, however, but a consequence of the particular symmetry of the effective interfacial anisot-
ropy of the system for this crystal orientation.
@S1063-651X~98!00609-6#

PACS number~s!: 64.70.Dv, 81.30.Fb, 05.70.Ln, 68.70.1w
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I. INTRODUCTION

The solid-liquid interface of most metallic alloys and
few transparent organic alloys@1# is rough on a molecula
scale. The solidification dynamics of these alloys is mos
controlled by the diffusion of the chemical species prefer
tially rejected into the liquid by the growing crystal. Durin
solidification, the advancing solid-liquid interface, or grow
front, is subjected to morphological instabilities on a scale
a few tenths of micrometers, typically. Basically, these ins
bilities are due to the fact that the growth rate is proportio
to the value of the concentration gradient of the solute at
interface@2#. On the other hand, the amplitude of the defo
mation of the interface is limited by the capillary effects. A
a result of these two competing effects, the growth fro
generally assumes a more or less stationary, complic
shape, called a solidification pattern.

Solidification patterns have been an object of fundame
research since the late 1940s@3#. One of the main question
of interest has been, and still is, that of the part played by
anisotropy of the interfacial properties in the formation of t
patterns. The interfacial properties coming into play are
surface tensiong and the kinetic coefficientb @4#. Since a
crystal is an anisotropic medium,g and b are also aniso-
tropic, i.e., depend on the orientation of the interface w
respect to the crystal lattice. In alloys whose solid-liquid
terfaces are rough, this anisotropy is weak. For most of th
alloys, it remains unknown. It was therefore a surprise wh
during the 1980s, several groups of theoreticians came to
conclusion that, although small, the anisotropy ofg ~or that
of b! plays a major part in the formation of the most com
monly observed type of solidification pattern, namely, t
dendritic patterns@5#. In laboratory experiments, dendriti
patterns are encountered either in free growth or in dir
PRE 581063-651X/98/58~3!/3302~14!/$15.00
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tional solidification at high values of the growth velocityV
~i.e., atV@Vc , whereVc is the cellular threshold velocity
for definitions of free growth, directional solidification an
Vc , see below!. It was shown, for two-dimensional~2D!
systems, that the very existence of the dendrites relies on
presence of a sufficiently strong interfacial anisotropy. T
correlative question of the nature of the necessarily nond
dritic patterns that are exhibited by systems of very sm
interfacial anisotropy in the above experimental conditio
~free growth or high-V directional solidification! was also
answered recently@6–9#.

If the part played by interfacial anisotropy may be co
sidered as essentially elucidated in the case of the~2D! den-
dritic patterns, it remains largely unclear in the case of
so-called cellular patterns, which are observed in directio
solidification atV only slightly larger thanVc . It is indeed a
well-known fact that cellular patterns are tilted~the cells
have an asymmetric shape and drift laterally along the fro!
when the crystal is not axially oriented~an axially oriented
crystal is a crystal, a symmetry axis of which is parallel
the growth direction!, which can only be attributed to inter
facial anisotropy @10,11#. It has also been theoreticall
known for some time that cellular patterns are subjected
symmetry breaking instabilities@12,13#, as all modulated
fronts are @14#. Experimental reports on such instabilitie
have been published@15–19#. However, these reports rema
elusive on the question of the influence of interfacial anis
ropy, mostly for lack of a precise control of the crystal o
entation.

In this paper, we present an experimental investigation
the cellular patterns in the alloy CBr4-8 mol % C2Cl6 direc-
tionally solidified in thin samples at growth velocitie
smaller than 2Vc . In a previous paper@9#, called Part I there-
after, the solidification patterns of the same system at hig
3302 © 1998 The American Physical Society
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velocities (V/Vc.5) were investigated. The main specifici
of our experiments is that we use very thin single-crys
samples. In such samples, the orientation of the crystal w
respect to the solidification setup~in short, crystal orienta-
tion! determines the effective interfacial anisotropy of t
sample. We are therefore able to bring to light experim
tally the dependence of the patterns on the interfacial ani
ropy. In the remainder of this Introduction, we shall descr
the main ingredients of our experimental method, sum up
previously obtained results concerning the high-V patterns,
and, finally, survey the main questions treated in the pre
study.

CBr4-C2Cl6 is one of the few known transparent organ
alloys whose solidification is essentially diffusion controlle
At a concentration of 8 mol % C2Cl6, it solidifies into the
same phase as pure CBr4, i.e., a face centered cubic, plasti
crystal phase. The average value ofg in the alloy CBr4-C2Cl6
was measured by several authors@20,21#, but, until recently,
nothing was known aboutb0 and the orientation dependenc
of g and b. A systematic comparison between experime
tally observed and numerically calculated dendrites
CBr4-C2Cl6 alloys was performed recently in order to dete
mine these unknown quantities. According to that study,
netic anisotropy is the dominant factor in CBr4-based alloys
@22#.

In directional solidification, the sample is placed in
externally applied unidirectional thermal gradientG, and
pulled at an imposed velocityV toward the cold side of the
gradient. On average, the growth front is parallel to thexy
plane and advances with respect to the liquid at the velo
V in the z direction ~Fig. 1!. At sufficiently low V, the
growth front remains planar. Above a finite velocityVc ,
which depends onG, it assumes a more or less period
pattern. This morphological transition is called the cellul
or Mullins-Sekerka, bifurcation@2#. Characteristic features o
modulated patterns are the spacingl, the amplitudeA, and
the tip radiusr of the repeat unit. In directional solidifica
tion, A increases, andr decreases asV increases, whilel
shows no simple dependence onV ~in fact, l is not a single-
valued function ofV, as will be seen below!. On this basis,
two velocity ranges are usually defined, namely, the cellu
and the dendritic velocity ranges~Fig. 2!. Dendrites are char
acterized by a pointed, parabolic tip and side branches. C
are usually defined in contrast with the dendrites by th
rounded tip (r/l'1), and absence of sidebranches. The
ture of the transition separating the cellular from the d
dritic velocity range remains an open question@18,23#,
which is not addressed in this paper. The velocity range c
sidered in this study (1.3Vc22Vc) is clearly included in the
cellular velocity range. On the other hand, it corresponds
fully nonlinear cellular regimes.~When the cellular bifurca-

FIG. 1. Definition of the reference frame used in the text.
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tion is supercritical—which is the case in CBr4-C2Cl6
alloys—there exists a weakly nonlinear range immediat
aboveVc . In our system, this range corresponds to values
V/Vc21 of the order of 1022 @24#, and is not observable
experimentally.!

The relation between crystal orientation and effective
terfacial anisotropy can be treated in the following simplifi
way. For convenience~but this is not crucial!, we suppose
that a crystal plane (hkl) and a crystal axis@uvw# are par-
allel to the sample planexz and the growth directionz, re-
spectively. We denote the corresponding crystal orienta
as (hkl)@uvw#. Note that the vector@uvw# is necessarily
parallel to the (hkl) plane (hu1kv1 lw50). We also sup-
pose that the interfacial anisotropy is of a purely kinetic o
gin, and is thus described by the function of two variab
b~n!, wheren stands for the coordinates of the unit vect
normal to the interface in the reference frame of the crys
The following two assumptions are much more crucial~they
were validated in Part I; see below!.

~1! The solidification dynamics in our very thin samples
entirely 2D, so thatn remains perpendicular toy—i.e., par-
allel to (hkl)—whatever the deformation of the interface
the xz plane is. Then the dynamics is only sensitive to t
one-variable functionb~u!, whereu is the angle betweenn
and z—i.e., @uvw#. The functionb~u! is what we call the
effective anisotropy of the system for the crystal orientat
(hkl)@uvw#. Obviously,b~u! is different for different crys-
tal orientations;

~2! b~n! can be approximated as

b~n!5b0@12«kf 4~n!#, ~1!

where f 4(n)54(n1
41n2

41n3
4)23, and«k!1. This formula

is the expansion ofb~n! in a power series of the symmetry
invariant combinations of the coordinates ofn, truncated af-
ter to the first two terms@25#. According to Eq.~1!, in the
$001% planes,b(u)[@12«kcos 4(u2a0)#, wherea0 is the
angle betweenz and a^100& axis. In the$111% planes,b~u! is
a constant. So, to this approximation, the effective anisotr
of our system is at its strongest for the$001%^uv0& orienta-
tions, and vanishes for the$111%^uvw& orientations.

FIG. 2. Optical micrographs of the growth front of an axial
oriented crystal of the alloy CBr4-8 mol % C2Cl6 at two different
pulling velocities:~a! V54.4mm s21. Symmetric-cell pattern;~b!
V531mm s21. Symmetric-dendrite pattern.G5110 K cm21. Vc

'2.2mm s21. In these images as in the following ones, the grow
direction is upward.
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Let us now turn to the properties of the dendritic patter
Let us begin by recalling the previously existing results t
motivated the study presented in Part I. In free growth, i
growth at given, uniform, undercoolingDT of the liquid,
dendrites grow at a constant rateV and tip radiusr in the
directions corresponding to the maxima ofg or ~in our case!
the minima ofb. The selected values ofV andr depend on
DT and the anisotropy coefficient@5,26–28#. @In the case of
cubic crystals, free-growth dendrites generally run along
^100& axes, which is the primary justification of the assum
tion made in Eq.~1!.# In directional solidification, where
dendrites grow in an applied thermal gradient and are s
jected to substantial near-neighbor interactions, the selec
rules involveV, G, andl @29–31#. Dendrites disappear be
low a finite value of the anisotropy coefficient, which d
pends onDT—or V in directional solidification@6,7#. Be-
yond this threshold, dendrites are replaced by pairs of tig
bound symmetry-broken fingers, called split dendrites,
doublons. Contrary to dendrites, doublons are not selecte
orientation. They do not form stationary arrays~except under
special boundary conditions!, but unsteady patterns, calle
seaweed patterns~the terms of doublon and seaweed patte
were coined by Ihle and Mu¨ller-Krumbhaar@7#!.

It follows from these theoretical results and the abo
assumptions that, in the dendritic velocity range of our s
tem, one should observe seaweed patterns for crystal o
tations sufficiently close to a$111%^uvw& orientation ~the
value of ^uvw& should not matter much!, and dendritic pat-
terns for most other crystal orientations. This is precis
what the experimental observations reported in Part I h
shown. ForV@Vc , seaweed patterns are observed when
crystal orientation is within a few degrees of a$111%^uvw&
orientation, while dendritic patterns are observed in all
other cases~with the exception of the$001%^110& orienta-
tions, as will be explained shortly!. For most orientations, the
dendritic patterns are tilted. The relation between the
anglea of the dendrites and the control parameters is s
prisingly simple: at a given crystal orientation,a is a func-
tion of the sole variablelV/D, where D is the diffusion
coefficient of the solute in the liquid@31#. When the crystal
is near a$001%^110& orientation, a peculiar dynamical beha
ior is observed. In such a ‘‘degenerate’’ orientation, tw
^100& axes are symmetrically placed aboutz, corresponding
to two possible dendritic patterns tilted at145° or 245°. It
was found that these dendritic patterns are stable~domains of
the two different dendritic patterns are formed! at V/Vc
larger than about 8, and unstable at lower values ofV/Vc . In
the range 5,V/Vc,8, an unsteady pattern, called ‘‘dege
erate,’’ sets in.

We can now turn to the subject of the present study,
briefly survey the main topics to be considered below. T
first question, suggested by the results of Part I, is whet
or not, interfacial anisotropy is a necessary condition for
existence of stationary cellular patterns. Our results can
summed up as follows. For most crystal orientations,
observed stable cellular patterns over finite ranges ofl. But
for the orientations that give rise to seaweed patterns at
V, i.e., the orientations close to (111)^uvw&, we never ob-
served stable cellular patterns, but only unsteady pattern
the type illustrated in Fig. 3. It is thus natural to conclu
that the width of thel-stability range of the cellular pattern
.
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is finite if, and only if, the interfacial anisotropy is suffi
ciently strong. This conclusion is similar to the one recen
reached by Kopczynski, Rappel, and Karma in their num
cal stability analysis of the cellular patterns in a symmetri
system~i.e., a system with the same diffusion coefficient
the solid and the liquid! @32#.

Another question studied below is that of the origin of t
tilt of the cellular patterns. For most nonaxial cryst
orientations—for instance, in the case illustrated in Fig. 4
the cellular patterns are tilted, and their tilt angle smoot
increases with increasingl at givenV. In the case of degen
erate orientations, a different behavior is observed. We sh
below that patterns consisting of an alternation of domains
symmetric, and tilted cells are observed for at least some
the orientations belonging to the degenerate-orientation f
ily. Since it is known from the study of other types of mod
lated fronts that such patterns are the sign of an underly
tilt bifurcation of the system as a function ofl at givenV,
we conclude that such a bifurcation exists also in our sys
for the degenerate orientations. The question, raised by s
authors@15,16#, of whether the tilt of the cellular patterns i
due to an underlying ‘‘spontaneous’’ bifurcation must th

FIG. 3. Growth front of a nearly$111%^uvw&-oriented crystal at
two different pulling velocities:~a! V53.1mm s21. Unsteady cel-
lular pattern;~b! V531.1mm s21. ‘‘Seaweed’’ pattern.

FIG. 4. Growth front of a nonaxially-oriented crystal at tw
different pulling velocities:~a! V53.1mm s21. Tilted-cell pattern;
~b! V531.1mm s21. Tilted-dendrite pattern.
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be answered in the following way: in the cellular pattern
the tilt is always due to the interfacial anisotropy, even wh
it takes on the form of a homogeneous tilt bifurcation~a
spontaneous tilt bifurcation cannot be observed becaus
stability range of the symmetric or tilted cellular patter
exists in the absence of interfacial anisotropy!. This conclu-
sion is supported by numerical calculations recently p
formed by Ihle~unpublished results!.

The preceding questions are but particular aspects of
vaster question of the modes of instability of the cellu
patterns as a function of the interfacial anisotropy. A syste
atic experimental study of this question would mean a co
plete exploration of the space (l,V,G) for each orientation
~see, for instance,@18,19#!. We have not attempted to pe
form such a systematic investigation, but contented ourse
with studying five representative crystal orientations a
given value ofV/Vc . The types of instabilities that we hav
encountered are the cell termination, the cell splitting,
T-1lO and the 2lO instabilities.~In modulated fronts, the
oscillatory modes of instability are usually denoted by
symbol xlO, wherexl stands for the space period of th
oscillation. The modes in which a tilting of the pattern
combined with an oscillation are denotedT-xlO. For in-
stance, the symbol 2lO denotes a period-doubling oscilla
tory mode, and the symbolT-1lO a tilted, period-
preserving oscillatory mode—see, for instance,@33# and
references therein.! The conditions of occurrence of thes
instabilities are strongly orientation dependent. As a gen
trend, it can be stated that a strong interfacial anisotr
stabilizes the cellular patterns against all the types of in
bility.

II. EXPERIMENTAL METHODS

Some physical constants of the CBr4-C2Cl6 system are
given in Table I. The details about the experimental meth
can be found elsewhere@9,21,34#. A few facts must be re-
called here. The alloy is made by mixing the zone-refin
compounds. The samples are made of two parallel g
plates separated by two calibrated poly-~ethylene terephtha
late! strips. The free space limited by the glass plates and
strips is about 12mm thick, 8 mm wide, and 70 mm long
This space is filled with the molten alloy at a relatively hig
temperature~'100 °C!. A non-negligible amount of gas i
dissolved in the melt during this process. During a giv
solidification run, the average value ofV is controlled up to
within less than 1%, but the instantaneous value undergo
slow periodic modulation of amplitude about 4%, due to
slight misalignment of the pulling system. The time period

TABLE I. Some physical constants of the alloy CBr4-C2Cl6.
Tm : melting temperature of pure CBr4. m: liquidus slope~absolute
value!. K: partition coefficient.D: diffusion coefficient of the solute
in the liquid.g : solid-liquid surface tension.L: latent heat of melt-
ing. The uncertainties are of the order of 1% onTm andL, and 10%
on the other quantities@21#.

Tm

~°C!
m

(K mol21)
K D

(m2 s21)
g

(mJ m22)
L

(kJ mol21)

92.5 80 0.75 5310210 6.6 3.35
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the modulation is equal to the pitch of the pulling microme
ric screw~1 mm! divided byV.

In this study, the applied thermal gradient isG5110
610 K cm21. The nominal concentration of the alloy is
mol % C2Cl6. The effects due to the above-mentioned
sidual gas~residual-impurity effects! are detectable, but un
important for our present purpose, as will be seen in S
III A. As in Part I, single crystals were grown by means
funnel-shaped spacers. The orientation of the crystal is
known a priori. The determination of the crystal orientatio
by x-ray diffraction after the run is not practicable, most
because of the solid-solid phase transition of CBr4 at
'43 °C. In Part I, the crystal orientation was determinedin
situ independently of the growth patterns by observing
shape of faceted gaseous inclusions in the crystal. For
method to be applied, a relatively large gas bubble mus
present in the liquid before the run~it can also be nucleated
during the run!, and engulfed in the solid during solidifica
tion. This is accompanied by perturbations of the patte
which are rapidly relaxed at highV, but not in the cellular
velocity range. Therefore, we did not use the faceted-bub
method in this study. We contented ourselves with deduc
the crystal orientation from the characteristics of the highV
growth patterns. For this purpose, prior to the low-V run
devoted to the study of the cellular patterns, we carried o
short run at a relatively high velocity (V/Vc'10), noted the
characteristics of the pattern at that velocity, and then
melted the solid back to its initial position~the initially se-
lected crystal was thus conserved!. Thanks to the previously
accumulated data, this method proved satisfactory for
present study.

During the experimental runs, the growth front is contin
ously observed with an optical microscope. The images
transferred to a tape recorder, and digitized for further ana
sis @35#. In this study,V ranged from 3.1 to 4.5mm s21. The
total pulling time at a given value ofV was usually of a few
1000 s, corresponding to a solidified length of the order of
mm. The duration time of the runs was thus always mu
longer than the diffusion timed5D/V2 ~'50 s for V
53.1mm s21!. In some cases, two successive runs at diff
ent values ofV were applied to the same crystal. Longer ru
were not applied in order to avoid the perturbations occ
ring when the front approaches the hot end of the sam
~these perturbations are mostly due to the slow evapora
of CBr4 and C2Cl6 through this end of the sample!. A rela-
tively low magnification was used in order to observe a la
portion of the growth front. The field was 2500-mm wide,
and contained 30 to 50 cells, which represents about o
third of the total width of the sample.

Spatiotemporal~ST! diagrams of the front were per
formed as follows. At regular time intervals, a line normal
the growth direction is selected at a given distance beh
the foremost point of the front, and recorded. When the lin
have been stored in sufficient number, they are piled
along an axis representing the time. The ST diagrams es
tially show black lines corresponding to the trajectories
the narrow liquid grooves separating the cells~intercellular
grooves!. The local, instantaneous values of the spacingl
and the tilt anglea ~defined by tana5Vd /V, whereVd is the
lateral drift velocity of the repeat unit! are extracted from the
ST diagrams.l is measured as the distance between t
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adjacent liquid grooves, with an uncertainty of62 mm. a is
measured as the angle between the pulling axis and the
jectories of the liquid grooves, with an uncertainty of t
order of60.2° ~including the error due to the periodic mod
lation of V!.

III. PRELIMINARY RESULTS

A. Initial transient. Residual-impurity effects

Before reaching a permanent state, a directionally sol
fied sample undergoes a transient—called initial, or solu
redistribution, transient—corresponding to the progress
accumulation of the chemical species rejected by the soli
the liquid ahead of the front@36#. The terminal stage of the
transient is exponential in time, with a characteristic tim
depending on the partition coefficient of the species con
ered. The partition coefficientK of C2Cl6 being close to 1,
the corresponding transient time is equal tod. The partition
coefficient Ki of the ~dominant! residual impurity being
much smaller than 1 (Ki'0.02) @34#, the corresponding
transient time isd/Ki@d. Consequently, the initial transien
in our system can be divided into a first short stage co
sponding to the accumulation of C2Cl6, and a long-lasting
terminal stage during which the residual impurities contin
to slowly accumulate. TheV jumps are also followed by a
two-stage solute-redistribution transient, whose character
times ared125D/V1V2 , andd12/Ki , respectively, whereV1
andV2 are the values ofV before and after theV jump.

Apparently, the slow accumulation of the residual imp
rities during the terminal stage of the initial transient has
noticeable effect on the dynamics of the front, provided t
V is not too close toVc @37#. In Fig. 5, the recoil curve~i.e.,
the position of the front as a function of time, the orig
being taken at the onset of the pulling! of a sample pulled 1
h at V/Vc'1.5 is reproduced. The cellulation began attc
'300 s. Fort.tc , the quantity shown in the figure is th
position of the cell tips. It can be seen that the cell t
practically cease to recoil after a time~'2000 s! much
smaller than d/Ki('104 s). The observations moreove
showed that not only the position, but also the shape of
cells remained essentially stationary after that time. O
near the bottom of the grooves did a slow, complicated, e
lution ~including, in some cases, the emission of liquid dro
lets @38#! continue to take place, indicating that the residu
impurities are rapidly segregated into the intercellu
grooves. The only observed unexplained effect that migh
attributed to residual impurities is a slight continuous

FIG. 5. Positionz and undercoolingdT(5Gz) of the front as a
function of time measured during the initial transient~recoil curve!
for a sample pulled atV53.1mm s21.
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crease of the tilt angle, which was sometimes observed in
case of tilted patterns.

Quantitative information about the residual impurities c
be gained from the recoil curves and the cellular-bifurcat
velocity threshold. When the front is planar~i.e., when
V/Vc,1!, the final recoil of the front is equal to the sum o
the thermal lengthsl th,s relative to the different solutes of th
alloy, defined byl th,s5DT0,s /G, where DT0,s5ms(Ks

21

21)Cs is the thermal gap,ms the slope of the liquidus,Ks

the partition coefficient andCs the concentration of solutes
~it is assumed that all solutes are in low concentration!. In
our alloy, the thermal length relative to C2Cl6 ~thereafter
called the nominal thermal length! is l th

nom'196mm. In the
case illustrated in Fig. 5, the final recoil of the cell tips w
of '215mm, and the cell amplitude had a value of'40 mm.
The ~theoretical! position of the planar front, obtained b
averaging the cellular front overx, is 230610mm. Knowing
Ki andmi ~'50 K! @34#, one obtainsCi5331024 mol.

B. Cell amplitude. Cellular-threshold velocity

For a single-component alloy, the cellular threshold v
locity is given by@2#

Vc.
D

1th
F113S d0K2

41th
D 1/3G1oF S d0

1th
D 1/3G , ~2!

whered05lTm /(LDT0) is the capillary length,L the latent
heat, andTm the melting temperature of the pure solven
The nominal value ofVc in our system is thusVc

nom

'2.8mm s21 ~note that this value is about 10% larger th
the zeroth-order valueD/ l th

nom'2.55mm s21!. In the case of
a dilute multi-component alloy,Vc

21 is approximately equa
to the sum of the reciprocals of the values given by Eq.~1!
for each component.

The actual value ofVc in our samples was determine
experimentally by measuring the amplitudeA of the cells,
defined as the distance between the cell tips and the gro
bottoms, as a function ofV, and extrapolating the data toA
50. This was done for four different samples of crystal o
entation close to$001%^100&. Figure 6 shows the values o
A(V) obtained through a series of downward velocity jum
in two different samples. After eachV jump, we waited dur-
ing a period of a fewd12 before performing the measure
ments. We verified that a steady state had been reached i

FIG. 6. AmplitudeA of the cells in symmetric-cell patterns as
function of V. The circles and the triangles correspond to differe
samples. The vertical bars represent the dispersion of theA mea-
surements. The horizontal bars correspond to the variation oV
during the pulling.
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region of the cell tips by this time. The large error bars
Fig. 6 essentially represent the dispersion of the position
the groove bottoms~the position of the cell tips showed n
detectable dispersion!. By extrapolating theA(V) data toA
50, we foundVc'2.260.2mm s21 for the four samples
studied. The value ofCi that can be calculated from th
value ofVc

nom2Vc is Ci'231024, which is consistent with
the estimate given in Sec. III A.

C. Intercellular spacing

During the last few years, an increasing number of exp
mental and theoretical results have indicated that no wa
length selection in the strict sense of the term occurs in
lidification fronts@18,23,33,39,40#. For a number of systems
numerical calculations showed that the width of the range
l at which the pattern is stationary at givenV ~l stability
range! is finite. Experimentally, it was found that, as a ge
eral rule, the spatiall distributions of solidification fronts are
nonuniform from the beginning to the end of the solidific
tion runs. An additional support to this conclusion is giv
by the observations reported below. In this section, our o
purpose is to compare the observed values ofl with the
so-called marginal stability and most dangerous values ol.
Let us recall the definition of these notions. The linear s
bility analysis of the planar front at fixedG leads to the
dispersion equation giving the amplification coefficientv of
a sinusoidal perturbation applied to the planar front a
function of the wavelengthl of this perturbation andV. In
the plane (l,V), the equations of the marginal-stability an
most-dangerous-mode curves arev(l,V)50 and
]v/]l(l,V)50, respectively. The dispersion equation for
binary alloy can be found elsewhere@2#, and is easily ex-
tended to the case of a dilute ternary alloy.

Figure 7 shows the marginal-stability and mo
dangerous-mode curves calculated for a CBr4-8 mol % C2Cl6
alloy, together with values ofl measured in two differen
samples over a range ofV extending fromV,2Vc to values

FIG. 7. Symbols: measured values of the intercell spacingl.
Squares: axially oriented sample. Triangles: non-axially-orien
sample. The filled and open symbols correspond to the lower
upper observed values at a givenV, respectively. Curves: calculate
marginal-stability ~plain line! and most-dangerous-mode~dashed
line! curves. The thick-line and thin-line curves correspond to c
culations without and with residual impurities (Ci5331024) be-
ing taken into account, respectively.
of
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belonging to the dendritic velocity range. In one of th
samples, the crystal was axially oriented and the cells w
symmetric, while, in the other, the crystal was nonaxia
oriented and the cells were tilted. In both samples, a stat
ary finite-width distribution ofl was observed. In Fig. 7, the
minima and maxima of these distributions are plotted. S
eral facts are noteworthy. The extremum values ofl do not
vary significantly withV, even in the transition range from
cells to dendrites. The values ofl are significantly higher in
the tilted than in the symmetric pattern~we shall return to
this below!. For the symmetric pattern, the observed valu

FIG. 8. Cellular fronts observed in five single-crystal samples
different orientations:~a! symmetric-cell pattern in a crystal o
nearly axial orientation (V53.4mm s21); ~b! tilted-cell pattern in a
crystal of high-anisotropy nonaxial orientation (V54.4mm s21);
~c! unsteady pattern in a crystal of vanishing-anisotropy orienta
(V53.77mm s21); ~d! unsteady pattern in a crystal of high
anisotropy degenerate orientation (V53.77mm s21); ~e! tilt-
domain pattern in a crystal of low-anisotropy degenerate orienta
(V53.44mm s21). The snapshots were taken near the end of
runs.

FIG. 9. High-V patterns of the same crystals as in Fig. 8:~a!
symmetric dendrites (V531.1mm s21); ~b! tilted dendrites (V
523.9mm s21); ~c! seaweed pattern (V531.1mm s21); ~d! coex-
istence of rightward- and leftward-tilted dendrites~V531mm s21;
the leftward-tilted dendrites prevailed after a long time of pulling!;
~e! tilted low-anisotropy dendrites (V531.1mm s21). In ~a! and
~b!, the absence of detectable sidebranches at these values ofV/Vc

and l is due to the predominance of kinetics effects in the al
CBr4-C2Cl6.

d
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of l near threshold are noticeably smaller than the criti
wavelength at threshold, and comparable with the most d
gerous wavelength, in agreement with theoretical predicti
@24,32#. Since, roughly speaking, the average spacingl̄ is
independent ofV, l̄/ l d is proportional toV21. Near thresh-
old, it has a value of about 0.5.

IV. THE CELLULAR PATTERN AS A FUNCTION
OF THE CRYSTAL ORIENTATION

A. Overview

We shall now proceed to a description of five illustrati
experimental runs, which were performed at velocit
smaller than 2Vc with five single crystals of different orien
tations. We shall designate the crystals by the labelsa to e.
Snapshots of the five cellular patterns near the end of
runs are shown in Figure 8. Snapshots of the high-V patterns

FIG. 10. Plots of the intercell spacingl as a function of the
positionx along the front~l plots! for the same crystals as in Fig. 8
The thick-line curves correspond to the snapshots shown in
figure, i.e., to the end of the runs. The thin lines curves were m
sured at substantially earlier times.
l
n-
s

s

e

are shown in Fig. 9. Spatial distributions ofl ~l plots! andl
histograms are given in Figs. 10 and 11, respectively, for
five runs. The entire spatiotemporal diagrams of the ru
~excluding the initial transient! are given separately in Figs
12–16. The orientations of crystalsa to e will now be dis-
cussed, and the main specific features of their respective
lular patterns pointed out. The full spatiotemporal diagra
will be analyzed one after the other in the following section

1. Crystal a

The symmetrical dendrites appearing in Fig. 9~a! indicate
that the crystal was close to a~001!@100# orientation. Gener-
ally speaking, a distinction must be made between in-pl
and off-plane misorientations with respect to the ide
~001!@100# orientation, corresponding to rotations abo
@001# ~the in-plane angle of rotation isa0!, and an axis per-
pendicular to@001#, respectively. The amplitude of the effec
tive anisotropy is unaffected by an in-plane misorientatio

at
a-

FIG. 11. Histograms of the intercell spacing for the same cr
tals as in Fig. 8. The full-scale figures correspond to the thick-l
plots in Fig. 10, and the insets to the thin-line ones.

FIG. 12. ST diagram of the symmetric-cell pattern shown in F
8~a!. In this ST diagram as in the following ones, time is runni
upward; in terms of lengths, the vertical scale is much smaller t
the horizontal one, so that the apparent tilt angle is much larger
the real one.
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but decreases with an increasing off-plane misorientation
the case of crystala, both types of misorientations are sma
In Figs. 8~a! and 10~a!, it can be seen that, up to a negligib
tilt ~'0.7°!, the cellular pattern of crystala is reflection sym-
metric and stationary in the laboratory reference frame.
enlarged view of a similar pattern observed in anot
~001!@100#-oriented crystal is given in Fig. 1~a!. Moreover,
the l plot is smooth@Fig. 10~a!# and thel histogram is
narrow @Fig. 11~a!#. The average value of the spacing isl̄
'55mm. The half-width of the histogram is about 10%
l̄.

2. Crystal b

The tilted dendrites appearing in Fig. 9~b! ~a'32°! indi-
cate that the crystal had a large in-plane misorientation w
respect to the~001!@100# orientation, and a negligible off
plane misorientation. The value ofa0 calculated with the
help of the previously established similarity law@31# is 37
64°. As in the case of crystala, the cellular pattern of crysta
b has a smoothl plot @Fig. 10~b!# and a narrowl histogram
@Fig. 11~b!#. However, the cells now have an asymmet
shape and drift laterally in the same direction as the highV
dendrites@Fig 8~b!; another example is given in Fig. 4#. The
average values of the tilt angle and the spacing areā'5°
and l̄'70mm, respectively. Note thatl̄ is significantly
larger than in crystala.

3. Crystal c

The high-V pattern of this crystal@Fig. 9~c!# is of the
seaweed type.~This was most clearly revealed by the S
diagram at highV, not shown!. The crystal orientation was
thus close to (111)@uvw#. The cellular pattern is strikingly
irregular and unsteady@Figs. 8~c! and 10~c!#. An enlarged
view of a similar pattern observed in another crystal is giv
in Fig. 3. Thel histogram@Fig. 11~c!# exhibits long tails.
These tails indicate that a population of unsteady cells~cells
that are being destroyed by tip splitting or terminated
pinching off! is permanently present.

4. Crystal d

The high-V patterns of this crystal@Fig. 9~d!# is of the
degenerate type. An in-plane misorientation of a few degr
relative to the ideal~001!@110# orientation is sufficient to
eliminate the characteristic features of the degenerate
namics~see Part I!. So does also an off-plane misorientatio
corresponding to a rotation about the@110# axis. On the other
hand, an off-plane misorientation corresponding to a ro
tion about the@11̄0# axis does not destroy the degenera
nature of the effective anisotropy, but simply makes its a

FIG. 13. ST diagram of the tilted-cell pattern shown in Fig. 8~b!.
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plitude smaller. In the case of crystald, all types of misori-
entation were small. A slight preference for the leftward
direction was, however, noted. The cellular pattern@Fig.
8~d!# exhibits wide domains of regularly spaced tilted ce
~tilt domains! separated by narrow disordered regions.

5. Crystal e

The high-V pattern of this crystal@Fig. 9~e!# shows den-
drites tilted to an angle of about 45°. A detailed inspection
the high-V dynamics~not reproduced here! showed that the
orientation of the crystal was degenerate with a large mis
entation about the@11̄0# axis. In particular, a seaweed patte
was transitorily observed atV531mm s21, indicating that
the anisotropy level was very low. A small, but noticeab
in-plane misorientation to the left of the figure was al
present. The cellular pattern of crystale clearly exhibits a
structure in domains of alternately tilted and symmetric ce
@Figs. 8~e! and 10~e!#. The coexistence of two populations o
cells can also be deduced from the appearance of two m
mums in thel histogram in Fig. 11~e!.

B. The high-anisotropy axial orientation „crystal a…

1. Nonuniform stationaryl distributions

The main characteristic feature of the solidification d
namics of our system for the~nondegenerate! high-
anisotropy crystal orientations is the existence of nonu
form, stationaryl distributions. This implies that the phase
diffusion mechanism, which tends to smooth out sma
amplitude, large-wavelength modulations ofl, is ineffective.
In order to substantiate this conclusion, let us examine
ST diagram of crystala ~Fig. 12!. The onset of the cellula-
tion occurred during the initial transient, and was rapid
followed by the elimination of a large number of cells. Sin
it provokes a strong increase ofl̄, this process slows down
rapidly, and ends with a last, isolated, cell-termination eve
This final event is included in the ST diagram shown in F
12. It can be seen in Fig. 10~a! ~at x'650mm! that the
cell-termination event leaves behind a bump in thel plot,

FIG. 14. ST diagram of the unsteady pattern shown in Fig. 8~c!.

FIG. 15. ST diagram of the unsteady pattern shown in Fig. 8~d!.
The horizontal line signals a downward velocity jump from 3.7
3.5mm s21.
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which smooths out relatively rapidly, but not complete
Afterwards, thel distribution, although still nonuniform
does not evolve any more. Without entering into more
tails, the following conclusion of general validity can b
drawn: the finall distribution is the result of the numerou
only partly relaxed, cell-termination events occurring duri
the initial transient. The details of this distribution depend
the whole sequence of cell-termination events, which is its
determined by the complicated spatiotemporal correla
existing between the events. This accounts for the appa
unpredictability of the details of thel distribution. On the
other hand, its global characteristics~smoothness, small am
plitude! do not depend on these details. In the case of cry
a, the relative amplitude of thel modulation is60.1, and the
characteristic wavelength is about 20 cells. Note that regi
containing 5 to 10 cells, in whichl is practically uniform,
can be found. The same characteristics were observed i
the crystals of non-degenerate high-anisotropy orienta
that we studied.

2. Cell-termination instability

The cell-termination events are of common occurrence
most modulated patterns. It is tempting to interpret them
the result of an Eckhaus instability. This instability, we r
call, corresponds to the fact that the phase-diffusion coe
cient of the pattern goes to zero at a certain value ofl, and is
negative beyond this value. A negative phase-diffusion co
ficient means a spontaneous amplification of the spatial
modulations, which is likely to lead to the elimination of
cell. This explanation of the cell-termination event is, ho
ever, not satisfactory in the case of solidification fronts.
seems difficult to reconcile it with the fact that phase diff
sion is apparently ineffective at spacings only slightly larg
than that at which the cell-termination events occur. Unf
tunately, this point is difficult to clarify experimentally be
cause the displacements involved are very small. A few
marks can, however, be made. In Figs. 8~a! and 10~a!, it can
be seen that the initial width of the eliminated cell was
deed small~40 mm!, but this cell was not surrounded by
wide trough of thel distribution, as it would in a phase
diffusion controlled process. The smoothing out of the bu
in thel distribution subsequent to the event is first rapid, a
then stops suddenly, which is again at least unusual fo
diffusive process. In fact, a close inspection of thel plots at
short times intervals~not reproduced here! reveals that the
elimination of the cell is accompanied with a slight, damp
oscillation of short wavelength~the oscillations of near-
neighbor cells are out of phase!. A similar observation was
recently made in the cellular patterns of a succinonit
~SCN!-based alloy@18#. In lamellar eutectic fronts, the fol
lowing mechanism is observed@41#: in addition to the oscil-
lation, two small, evanescent, tilt waves are emitted, wh

FIG. 16. ST diagram of the pattern shown in Fig. 8~e!.
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carry away the excess of spacing over a distance of a fewl,
and then disappear. This type of process is undoubtedly c
ceivable here also~other examples of interplay between th
oscillatory and the tilt modes of instability are given below!.

3. Stability domain of the symmetric cellular pattern

The above observations show that the symmetric cellu
pattern has a wide stability range in the case of hig
anisotropy axial crystal orientations. The lower boundl2 of
the stable range corresponds to the cell-termination insta
ity. In the above example~crystal a at V53.4mm s21!, a
large plateau atl547mm was apparently stable, wherea
cells of spacing smaller than 40mm were eliminated. We
therefore conclude that 40mm,l2,47mm. In an attempt to
determine the velocity dependence ofl2 , four successive
upward velocity jumps were applied to crystala ~the succes-
sive values ofV were 3.4, 3.8, 4.4, 6.5, and 9.9mm s21!. A
single additional cell-termination event took place after theV
jump from 4.4 to 6.5mm s21, for l'44mm. This suggests
~but does not prove because of the experimental uncertain
connected with the post-jump transients! that l2 increases
slightly with increasingV in our system.

Little can be said about the upper boundl1 of the stabil-
ity range of the symmetric cellular pattern. In the case
crystal a, we did not observe any instability on the largel
side at the initial pulling velocity of 3.4mm s21, which is not
surprising since the finall distribution was reached from low
values of l. More surprisingly, we practically never suc
ceeded in triggering large-l instabilities in ~001!@100#-
oriented crystals, whatever pulling history we tried. The on
exception was the solitary tilt wave shown in Fig. 17~for the
distinction between solitary tilt waves and tilt domains, s
@33#!. We can therefore only state thatl1 is substantially
above the highest observed value ofl ~'61 mm!, at all ve-
locities.

FIG. 17. ST diagram of a cellular pattern observed in a crys
of high-anisotropy, slightly nonaxial orientation, showing a solita
wave.

FIG. 18. Spacing- and tilt-angle-plots in crystalb at two differ-
ent times, extracted from Fig. 13. The filled symbols correspond
an earlier time than the open ones~time interval'250 s!.
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C. The high-anisotropy nonaxial orientation „crystal b…

The most interesting feature to be noted in the ST diag
of crystalb ~Fig. 13! is thata, like l, is nonuniformly dis-
tributed along the front. Consider first thel distribution. It
can be analyzed as the superposition of a gradual increa
l ~from 60 to 80mm! from the right-hand to the left-han
side of the front, and a small-amplitude modulation.
above, the small-amplitude modulation stems from the se
of cell-termination events occurring immediately after t
onset of the cellulation. The origin of the long-rangel gra-
dient is as follows. The very existence of an extended til
pattern obviously implies that new cells are continually em
ted by a source located at the edge of the sample oppos
the direction of the drift~here, the right-hand edge!. The new
cells are emitted by the source at a definite spacing~at given
V!, which is generally different from the~average! spacing
of the ‘‘old’’ cells resulting from the primary cellulation. In
the present example, the new cells had a smaller spacing
the old ones, which accounts for thel gradient observed.

The l and a plots in crystalb at two different times of
pulling are plotted in Fig. 18. Except for a slight unifor

FIG. 19. Tilt angle as a function of spacing in crystalb. Squares:
data extracted from Fig. 18. The curve running through the data
time average of the measurements. Circles: data from ano
sample atV53.4mm s21 ~open circles! andV53.7mm s21 ~filled
circles!.

FIG. 20. Enlarged view of a detail of the ST diagram of Fig.
showing a patch of 2l oscillations. Tiled-up images of the fron
taken at time intervals of 5 s are also shown. Total width of th
image: 317mm.
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upward shift ofa, whose origin is unclear~it may be due to
the slow modulation of the pulling velocity or the accum
lation of residual impurities!, the pattern is stationary. Th
interesting fact is the existence of a good correlation betw
the local values ofa andl. The simplifying assumption tha
the local value ofa is rapidly adjusted to the local value ofl
can be made.~This assumption is certainly valid provide
that the local gradient ofl is smaller than some value.! Then
the diagrams obtained by plotting the local value ofa as a
function of the local value ofl can be assimilated to thea~l!
diagrams of the homogeneous~perfectly periodic! system.
Thea~l! diagram of crystalb obtained in this way is shown
in Fig. 19. The scatter in thea~l! data points is higher than
the measurement uncertainty because the pattern was
perfectly stationary. It is, however, clear thata increases
whenl increases. Roughly speaking, the relation betweea
andl is a linear one.

The dependence ofa on V has been studied in anothe
crystal of the same type of orientation, which was submit
to two successive solidification runs at two slightly differe

a
er FIG. 21. ST diagram atV54.4mm s21 in a crystal of low-
anisotropy nonaxial orientation.

FIG. 22. Transient doublet observed in a nonaxially orien
crystal.V53.4mm s21. ~a! ST diagram~recording duration'1500
s!. ~b!, ~c!, and~d!: snapshots at different times. Note that the do
blet is destroyed by a tip splitting of one of its constituent ce
followed by the emission of a tilt wave. This wave is the only tra
left behind by the whole process, showing that the doublet was
associated with a grain boundary.
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velocities ~V153.4mm s21, V253.7mm s21!. The corre-
spondinga~l! diagrams are reported in Fig. 19~circular
symbols!. It is found thata increases with increasingV and
l. Note that, contrary to what is observed in the dendr
velocity range,a increases much more rapidly withV than
with l.

D. The vanishing-anisotropy orientation „crystal c…

The most obvious feature of the disordered dynamics
the cellular pattern in crystalc ~Fig. 14! is the occurrence o
numerous cell-termination and tip-splitting events. A clos
inspection, however, reveals that at least two other type
instabilities come into play, namely, the tilt and 2lO insta-
bilities. Figure 14 shows that each type of instability c
trigger, and be triggered, by every other type of instabili
No region in the stationary, symmetric state is seen, but la
patches of the 2lO pattern are observed. This suggests t
the symmetric state, anda fortiori the 2lO state, are not
very far from being stable. An enlarged view of a 2lO patch
is shown in Fig. 20. The corresponding value of the tim

FIG. 23. ST diagram of a seaweed pattern in a nea
$111%^uvw&-oriented crystal. V532mm s21'15Vc (G
590 K cm21). The slight tilt is due to some residual effective a
isotropy @9#.

FIG. 24. Tilt angle as a function of spacing in crystald. Data
extracted from the ST diagram of Fig. 15. Positivea values corre-
spond to leftward-tilted cells. Each data point results from the
eraging of a number of measurements.
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period of the oscillation is 350610 s. In that case, the 2l
oscillations were interrupted by their collision with a solita
tilt wave. In another case, shown in Fig. 21, the 2l oscilla-
tions led to cell-termination and tip-splitting events occurri
by pairs. The average spacing was thus globally preser
but the phase matching of the oscillations was destroyed

In a system without interfacial anisotropy, Kopczyns
et al. @42# have found numerically several branches of s
tionary doublets~i.e., pairs of symmetry-broken cells! in the
cellular velocity range. Cell doublets have also been fou
experimentally atV'2Vc in $001%^100&-oriented crystals of
SCN-based alloys, which are known to have a very we
interfacial anisotropy@17,19#. In our system, we did not ob
serve stationary doublets in the$111%^uvw& orientation, or
in any other orientation. However, we occasionally enco
tered transitory, isolated doublets in regions of strongl gra-
dients~Fig. 22!, indicating that the doublet branch also is n
very far from being stable.

The ST diagram of crystalc is clearly different from the
those of the seaweed patterns observed at higher velo
For comparison, a ST diagram of the latter type is rep
duced in Fig. 23. As explained in Part I, the main charact
istic feature of such a diagram is the alternation of wi
liquid grooves, delimiting stationary ‘‘seaweed cells,’’ an
narrow liquid grooves, corresponding to transitory, but lon
lived, doublons. No analog of this feature is seen in Fig.
A V jump to 4.1mm s21 ('1.9Vc) applied at the end of the
run did not provoke any noticeable change. Further obse
tions in the range 2,V/Vc,5 will be necessary to clarify

y

-

FIG. 25. Enlarged view of a detail of Fig. 15 showing th
T-1lO mode. The time interval between the images of the fron
of 5 s.

FIG. 26. Spacing- and tilt-angle-plots in crystale at the time
corresponding to the snapshot in Fig. 8~e!.
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the nature of the transition leading to the appearance of d
blons.

E. The high-anisotropy degenerate orientation„crystal d…

The ST diagram observed in crystald is shown in Fig. 15.
A small downwardV jump from 3.7 to 3.5mm s21 was ap-
plied at the end of the run. The existence of wide domains
oscillating tilted cells is obvious in this figure. The predom
nance of the domains of leftward-tilted cells is due to t
in-plane misorientation of the crystal. Some domains
rightward tilted cells are also visible. The interdomain r
gions are too narrow to lend themselves to a detailed ana
~note, however, the transitory appearance of symmetric 2lO
cells in these regions!.

In the l plots of Fig. 10~d!, the tilt domains appear a
zones of largel̄ (70610mm) and smoothl profiles,
whereas the interdomain regions are recognizable by t
irregularl distributions. Thea plots extracted from the ST
diagram are relatively inaccurate because of the oscillatio
They nevertheless clearly bring to light the strong correlat
existing between the local values ofa andl. The a~l! dia-
gram corresponding to Fig. 15 is shown in Fig. 24. The t
directions of tilt appear as two separate branches. They
not mirror images of each other because of the in-plane m
orientation of the crystal. The branch corresponding to
dominant leftward tilt exhibits a more or less linear depe
dence ofa on l, similar to the one found for the~single!
branch in the nondegenerate orientations~see Fig. 19!. The
other branch is steeper and seems to go to zero at a relat
high value ofl. These features suggest a strongly imperf
tilt bifurcation, in which the continuous branch is th
leftward-tilt branch, and the isolated branch the rightward-
branch.

The oscillations of the tilted cells are essentially of t
T-1lO type~i.e., they are in phase over a given tilt domain!.
This is most clearly visible in Fig. 25, where an enlarg
view of a portion of the ST diagram of Fig. 15 is shown.
this example, the time period of the oscillations ist1l'150
630 s, much longer than the diffusion time (t1l /d'5). A
locking of the 1l oscillation onto the drifting motion of the
cells was previously conjectured for other systems@43#. It is
therefore of interest to comparet1l and the characteristic
time t tilt of the tilt, defined ast tilt5l/Vd , whereVd is the
lateral drift velocity of the cells. In the present case,Vd
'0.23mm s21, l'75mm, and t tilt'330 s'2.2t1l . In the
case of crystale ~to be studied below!, t1l'230620 s, Vd

FIG. 27. Spacing as a function ofX5x2Vwt, whereVw is the
lateral-drift velocity of a tilt-domain wall~crystale!. Data extracted
from Fig. 16 at times 0, 1325, and 2650 s.
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'0.17mm s21, l580mm, and t tilt'480 s'2.1t1l . These
two examples do not allow any definitive conclusion, b
nevertheless suggest thatt tilt is equal to 2t1l .

F. The low-anisotropy degenerate orientation„crystal e…

Figure 16 shows the ST diagram of crystale pulled at
V153.44mm s21. Thel anda plots at the time correspond
ing to the snapshot in Fig. 8~e! are reproduced in Fig. 26
Clearly, the pattern consists of an alternation of domains
symmetric and~oscillating! tilted cells. In the symmetric do-
mains,l55765 mm anda is small ~,0.5°!. In the tilt do-
mains,l57565 mm and the average value of the tilt ang
is ā'2.5°. The domain walls, i.e., the regions separat
two adjacent domains, are relatively narrow~note that the
leading and trailing walls of tilt domains have a differe
profile; the former are about 1 cell wide, while the latt
about 3 cells wide!. In the tilt domains, the cells are drifting
leftward, like the high-V dendrites, while the domain wall
are drifting in the reverse direction~this is a geometrical
consequence of the fact that no cell is eliminated or crea
on crossing the walls@44#!. All the walls have practically the
same drift velocity ~the corresponding tilt angle is
aw'5.9°!, so that the width of the domains remains co
stant. The walls must be understood as kinks separating
tionary states of the system. This is illustrated in Fig. 2
which shows severall plots measured at time intervals o
103 s, plotted in the reference frame attached to the wall

Patterns very similar to the above one were previou
observed in other types of systems@44–46#. They are the
result of the so-called mechanism of dynamical wavelen
selection explained theoretically by Coulletet al. @46#. This
mechanism appears in 1D modulated fronts presenting a
mogeneous tilt bifurcation whose threshold spacing is
function of V. We can therefore conclude that such a bifu
cation exists in our system for low-anisotropy degener
crystal orientations. This conclusion is further supported
the following. Thea~l! diagram extracted from Fig. 16 i
shown in Fig. 28. In spite of the relatively large scatter of t
data, it is clearly a slightly imperfect direct-bifurcation dia
gram. A few additional data obtained after a velocity jum
from 3.4mm s21 to 3.75mm s21, which was applied at the
end of the run, are also reported. They indicate that the

FIG. 28. Tilt angle as a function of spacing in crystale. Data
extracted from the ST diagram of Fig. 16. A time average w
performed in order to reduce the dispersion due to the oscillatio
the line is a guide for the eye. Open squares: values measured
a velocity jump from 3.4 to 3.75mm s21.



hi
t
lly
o
is
re

ur
n

best
i-

es-

, of

h
d fi-
ce.
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furcation diagram shifts toward smaller values ofl whenV
increases, as it should.

V. CONCLUDING REMARKS

The theoretical conclusions that can be drawn from t
study have been indicated above. The most importan
them is that the stability of the cellular patterns in the fu
nonlinear velocity range primarily depends on the level
interfacial anisotropy of the system. Hints in favor of th
conclusion being of general validity for 2D solidification a
given by the numerical results of Kopczynskiet al. for a
symmetrical system@32# and the comparison between o
observations on CBr4-C2Cl6 and those of several authors o
s
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rs
r

o
er
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or

d
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f

SCN-based alloys@17–19#. Whether it is valid for 3D solidi-
fication also has not yet been clearly established, to our
knowledge. Careful experimental investigation of 3D solid
fication as a function of crystal orientation would be nec
sary to clarify this point.
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